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Abstract
Natural catastrophes or man-made mistakes cause a great economic loss in various
industries. Because of that, managing supply chains in a reliable manner has become
a significant concern for decision makers. More precisely, any devastation in supply
chain’s elements reduces the overall revenue. In this study, we strive to maximize the
total profit of distribution centers (DCs) with a set of retailers by considering risk of
disruptions for facilities. Moreover, a game-theoretic approach is employed to
simultaneously investigate the impacts of facility location, inventory management,
breakdown of facilities and pricing strategies in a three-echelon supply chain. Various
numerical experiments are generated to assess the accuracy of achieved solutions. In
the following, a sensitivity analysis is performed for some specific parameters to
recognize the most important factors affecting the system's performance. The results
show that considering disruptions helps to provide a more accurate estimation for the
system. Finally, the value of the stochastic solution (VSS) is used to justify that putting
extra efforts into formulating and solving stochastic programming is worthwhile.
Keywords: facility location, disruption, uncertainty, pricing decision, competitive
supply chain

1- Introduction
In Supply chain management (SCM), many organizations are incorporated so as to perform the
different processes with the purpose of flowing some products and commodities to meet customer's
demands and gain more profit as much as possible. In fact, we try to provide integration among different
levels to operate at the lowest possible cost. In general, supply chain planning involves various
challenges such as:
•
•
•

Facility location problems and infrastructure deployment.
Inventory management
Price decisions and quantity decisions. (two main strategies in revenue management)

The decisions about facility location problems and infrastructure deployment are long-term
investments and will not change during the time. In fact, the network configuration should be remained
unchanged; while tactical decisions for instance quantity of production or pricing are made for shorter
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periods. Managing supply chain in a reliable manner is a vital key that could affect the overall revenue.
In the present business environments, natural and man-made incidents can make supply chains
vulnerable. In particular, any disruption can impose human and financial losses on the system. Some
global examples are provided as follows:
•

•
•

In 1998, American vehicle-assembly operations closed because of a lack of parts. It eventuates
193,517 workers to be laid off at 27 of General-Motor’s plants. It can be considered as one of
the most expensive strikes in United State, which imposes $1.1 billion and $1.2 billion aftertax loss for General-Motor in the second and the third quarter of 1998, respectively (Herod
2000).
In 2001, an eight-minute fire at the Phillips semiconductor plant causes a virtual standstill for
Ericsson (Liberatore and Scaparra 2011).
A devastating earthquake in Japan triggered powerful tsunami, which affected the Toyota
Company and imposed basic risks to its operations (Canis 2011).

In two consecutive subsections, we discuss literature on both tactical and strategic decisions in SCM,
distinctly.

1-1-The facility location in supply chain management (strategic level)
In Facility location problems, we aim to minimize a fixed set-up and transportation costs by
determining the optimal number and the locations of new facilities for serving customers. In the simplest
case, special (P) number of facilities should be located in its place in order to minimize total costs that
called ‘’p-median problem’’. Surprisingly, (Since some decades ago) researchers such as (Bramel and
Simchi-Levi (2000), Daskin et al (2005), Revelle et al (2008)) studied the un-capacitated fixed-charge
location problem (UFL). Afterwards, some researches considered capacity extension constraints for
distribution centers or even manufacturing plants. To this end, we can mention to Schultmann et al
(2003), Garrido (2005), Fleischmann et al (2006), Trancosa and Ommeren al (2006), Srivastava (2008).
Covering problem is another general model in facility location problems. In covering problem, the
distance between facilities and customers is important for customers which should have assigned to
facilities with acceptable coverage distance. Many studies are published in this filed, we can refer to
Drezneret al (2004), Fallah et al (2009),Drezner, and Krass (2010b), Murray, Tong, and Kim (2010)
Farahani et al (2012).
In traditional works, a located facility will be available incessantly and is non-failure in supplying
commodities. This situation is not practical in real worlds since we may face many disruptions.
Disruptions can be considered as several unpredictable events (completely or partially) that decrease
the overall performance of supply chain’s networks. However, due to the many natural disasters e.g.
(earthquake, flood, etc.) and human mistakes such as fire, terroristic acts, industrial accidents, etc.
companies may face various unexpected events that disturb supply chain elements and cause facilities
to be inaccessible, therefore, it seems crucial to provide some protection precautions to preserve the
network from disruptions and sudden incidents. In addition, considering uncertain data in many
decisions making problems plays an important rule, especially, when the supply procedure may face
various breakdowns.
Several studies in the field of disruptions have been already presented in the literature. Drezner (1987)
for the first time studied disruption in the facility location. He presented a classical p-median facility
location model and studied the probability of failure in each node. He also proposed a model, which
strives to minimize the maximum cost of failure of facilities. In another work, the reliability fixedcharge location problem (RFLP) and the reliability p-median problem (RPMP) were introduced by
Snyder and Daskin (2005). The same failure probability is considered for all facilities same as Drezner’s
model, in which customers are served by the nearest non-disrupted facility. They suggested a
Lagrangian relaxation approach for solving the problem. Snyder et al (2006), Shen et al. (2011) and
Zanhirani Farahani et al (2014), Ghavamifar and Makui (2016) applied a different approach for
considering disruption by numerating the disruption scenarios and formulated the problem as a
stochastic programming model. Lim et al. (2010, 2013) and Vahdani et al (2012) considered a backup
facility in which customers should be assigned to reliable facilities in emergencies. In this formulation,
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the fixed costs of locating the reliable facility is higher than unreliable one. Shishebori et al (2014)
combined system reliability and budget constraints to design a supply chain network. By investigating
the tradeoff between the nominal cost and system reliability, they conclude that it is possible to improve
the system reliability with only slight increase in total cost. Azad et al (2013), Tavakkoli-Moghaddam
et al (2016) developed mathematic models by considering incomplete disruption on capacity and
transportation modes.

1-2- pricing decision and inventory management (tactical and operational level)
The tactical factors in supply chain are relevant to decisions which can be easily changed in a short
time, like inventory policy, pricing decisions and etc. operational level involves short - impact decisions
which may change weekly or monthly, such as routing and scheduling. In the current study, we consider
two tactical decisions related to the following issues:
•

Inventory management: the inventory management, as an element of the supply chain
management includes various aspects such as controlling and finding optimal ordering
inventory, storage of inventory in DCs, and controlling the product range for sale with
considering the holdings and shortage costs.
• Pricing decisions: Pricing decisions are the process of determining the optimal prices for
different commodities over the planning horizon. Pricing is one of the most important decisions
in revenue management. It has a direct effect on supply chain's profit and customer's
satisfaction. Due to the competitive environment, it is important for companies to be flexible
about meeting customers’ demand quickly with high quality. Therefore, it is crucial to provide
the best pricing strategies in competitive markets.

Boyaci and Gallego (2002) studied the problem of coordinating the pricing and inventory
replenishment policies in a supply chain with a wholesaler and multi retailers under deterministic pricesensitive demand. Melo et al. (2009) have presented a comprehensive review on the supply chain
network design (SCND) studies and have introduced revenue management issues. Nagurney (2010a,
2010b) developed a model for equilibrium capacity and price decisions. Chen and Chang (2012)
presented an analytical approach for a single-period inventory problem with stochastic price-dependent
demand in competitive environment
In recent year, incorporating strategic and tactical decisions helps to reduce costs and promote the
performance of the supply chain. Meanwhile, ignoring the effect of integration often eventuates suboptimal solutions (Escalona, 2015).
A classical LIP (Location-inventory problem) is basically integrated with strategic and tactical level
(facility location and inventory decision). This problem decides about the location of facilities together
with assignments of customers to facilities and determining the ordering quantity. The objective
function minimizes fixed location cost, holding inventory, shortage and transportation costs. Daskin et
al. (2002) and Miranda and Garrido (2004a) developed facility location problems with inventory control
decisions. In these studies, authors used EOQ model for ordering inventory. Shen (2002), Daskin, and
Coullard (2003), Ozsen et al (2008) presented a location–inventory problem with risk pooling.
Stochastic model with considering demand uncertainty are studied by Tsiakis, Shah & Panetedes(2001),
Gabor and van Ommeren (2006), Shen & Qi (2007),Miranda and Garrido (2006, 2008), Ozsen et al.
(2008), Liao (2009), Diabat (2013), Sadjadi (2015). Ahmadi-Javid and Hoseinpour (2015), considered
capacity constraints for DCs. Shen (2006), Ahmadi Javid (2014), Kaya et al (2016) combined pricing
decisions with location-inventory models and studied profit maximization. In these works, the location
of DCs, the best strategy for assigning customers, quantity sequence and optimal product pricing are
determined simultaneously in order to maximize the total supply chain profit.
Another kind of integration in supply chain decisions is location-pricing models. As we know, the
facility location is a strategic decision with a huge investment that is hard to change. Meanwhile, pricing
is short-term decisions can change easily. For incorporating these decisions, we employ a two-stage
stochastic programming to characterize the uncertainty of demands in a stochastic environment. In the
first-stage those variables that not affected by randomness, should be specified, while variables that are
influenced by uncertain parameters belong to the second stage. Therefore, facilities are located in first
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stage and in the second stage; the price of the product is obtained. This type of problem was introduced
by wagner and falkson (1975), who defined price sensitive demand relationship at various locations.
Afterward, Fernandez et al (2006) proposed a model in which a new company decides on the location
of its facilities and competed with other existing firms for the market share under discriminatory pricing.
Schutz et al. (2009) formulated two stage stochastic model for designing supply chain. The model
decides about locations in first stage and the second stage consists of operational decisions. The
objective aims at minimizing the sum of investment costs and expected operating costs of the supply
chain. Sarmah et al (2010) studied competition and coordination subject in a two-stage stochastic
programming model with considering price competition with and without channel coordination. Huang
et al (2009) studied the price decisions in the three-level reverse supply chain (RSC) included a
manufacturer, a maintenance center and a retailer. They validated their conclusions by numerical
simulation. Rezapour and Farahani (2015) also studied reverse network design. They presented a bilevel model for the strategic and tactical planning decisions in a closed-loop and single-period supply
chain with price-dependent market demand. Competition was considered between two chains producing
commodities in a same market. Giri and sarker (2016) studied pricing decisions and service levels with
two competitive retailers. The demand at each retailer is stochastic and influenced by the prices and
service levels of both the retailers. They formulated the problem as a stackelberg game. They also
considered production disruption in the manufacture. Wei and Jing (2017) studied a retailer's
stackelberg supply chain, in which the retailer sells a product in two quality-differentiated brands to
customers. They investigated the impact of channel integration on price and quality competition
between two brands and showed that the quality difference and the relative efficiency of the two brands
have a great effect on the performance of the supply chain structure. Chen et al (2017) also developed
game-theoretic model to study a retailer's stackelberg supply chain, and obtain equilibrium prices for a
dual-channel. They showed that a dual-channel supply chain could enhance the profits of the
manufacturer and the supply chain.
We prepared a review about related articles in table1. To the best of our knowledge from a review of
literature, there is no existing two stage stochastic model that incorporates the pricing, location,
inventory decisions and facility breakdowns in competitive three-echelon supply chains. Our proposed
model investigates the impacts of distribution center's location, inventory management and pricing
decisions on profits simultaneously. We assume that disruptions occur on DCs, thus we provide backup
facilities to deal with failures. Because of uncertainty of demands, a two-stage stochastic approach is
applied to model the problem. The main contributions of this study are summarized as a follow:
1. Integrating strategic and operational decisions in supply chain by employing two sage
stochastic programming with finite number of possible realizations for demands.
2. Discussing more actual situations by considering disruptions in the distribution centers.
3. Determining pricing in competitive environment. Stackelberg game model is applied where
DCs are leaders and retailers are followers.
The reminder of this paper is organized as follows. Section 2contains the problem description,
assumptions and notations. Mathematical formulation is presented in section 3. In Section 4 we provide
some numerical examples for the problem, moreover a sensitivity analysis around several important
parameters are prepared. Finally, Section 5 includes conclusion and future directions.
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2- Problem description
Consider three-echelon supply chain, which contains one manufacturer, multi distribution centers and
multi retailers. Manufacturer and retailers are located in the specified places and the model decides
about the optimal locations for DCs. Because of unexpected events, we assume that some of DSs are
unreliable and may be failed (become unavailable), so a reliable DC is needed to support the retailers.
Therefore, at least one reliable DC should be established. Facility location decisions belong to the
strategic planning in the network design, which cannot changed at a short time. In return, pricing and
inventory decisions are operational activities. As a result, we propose a two-stage stochastic model to
formulate this problem with two different decision levels. In this study, we assume that there are about
2–4 scenarios for demand variation in the stochastic model. In addition, we incorporate stackelberg
game model with the aim of determining the best price of retailers and customers in a competitive
environment. In the proposed model, DCs act as leaders and retailers are followers.
The structure of proposed three echelon-supply chain is illustrated in figure 1. Manufacturer provides
products to located DCs. Then the products are transported to retailers in order to fulfill customer's
demands. Wholesale price and sale price should be determined considering inventory and transportation
costs. Because of unpredictable events, two kinds of distribution centers are considered includes reliable
and unreliable DC. If an unreliable DC is established, then proposed model provides a link that connects
related customers to additional reliable DC to cope with emergency situations.
Backup Connections
Connections

Manufacturer

Reliable DC

Unreliable DC

Unreliable DC

Retailers

Fig1. Configuration of three echelon-supply chain network

Before presenting the model, let us explain the assumptions. Then we introduce notations of
mathematical formulation.
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2-1-Assumptions
Proposed profit maximization location inventory problem (PM-LIP) is formulated under some
specific assumptions as follows:
• The number of DCs should be located is unknown and determined by model.
• Each retailer can be assigned to exactly one DC at each scenario.
• We consider fixed failure probability associated to each DC.
• Demand is considered to be uncertain; we assume that it has a discrete distribution with finite
number of possible scenarios.
• DCs should serve all the retailers.
• Shortage is not allowed.
• Disruption could occurs in DC, however to tackle the failures, the model considers backup
facilities for retailers.
• Capacity is considered at each DC and the manufacturer is not restricted by capacity
limitation.

2-2-Sets
M
J
R
Ω

Set of potential manufacturers, 𝑚𝑚 ∈ {1. … 𝑀𝑀}

Set of potential distribution centers, 𝑗𝑗 ∈ {1. … 𝐽𝐽}
Set of retailers, r ∈ {1. … 𝑅𝑅}

Set of all possible scenarios,𝜔𝜔 ∈ {1. … Ω}

2-3-Parameters
𝑔𝑔𝑔𝑔𝑗𝑗

Fixed cost of locating a reliable distribution center j, which is not fail.

𝑔𝑔𝑔𝑔𝑗𝑗

Fixed cost of locating an unreliable distribution center j.

𝜃𝜃𝜃𝜃𝑗𝑗𝑗𝑗

Transportation cost for primary allocation between distribution center j and retailer r.

𝜃𝜃𝜃𝜃𝑗𝑗𝑗𝑗

Transportation cost for a backup assignment between distribution center j and retailer r.

𝜃𝜃𝜃𝜃𝑗𝑗𝑗𝑗

Transportation saving cost when retailer r assigned to a reliable distribution center j in
primary assignment.

𝑑𝑑𝑗𝑗𝑗𝑗

Distance ( kilometer ) from distribution j to retailer r

𝑓𝑓𝑚𝑚

ℎ𝑗𝑗

𝐷𝐷𝐷𝐷𝑟𝑟 (𝜔𝜔)
𝜋𝜋(𝜔𝜔)
ℎ𝑟𝑟

𝑏𝑏𝑏𝑏

𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗

𝑤𝑤𝑗𝑗 (𝜔𝜔)
𝑞𝑞𝑗𝑗

Fixed cost of selecting manufacturer m.

Annual inventory holding cost of distribution center j (per unit product)
Base market potential of retailer r in scenario 𝜔𝜔.
The probability for scenario𝜔𝜔.

Annual inventory holding cost of retailer r
Price elasticity of demand
Annual capacity of distribution j.
Wholesale price of manufacturer m for scenario 𝜔𝜔.

Probability of failure state for an unreliable distribution j.
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2.4Decision variables
1 if reliable distribution center j is located

𝑂𝑂𝑂𝑂𝑗𝑗

0 otherwise

1 if unreliable distribution center j is located

𝑂𝑂𝑂𝑂𝑗𝑗

0 otherwise

1 if distribution center j assigned to manufacturer m for scenario 𝜔𝜔

𝑦𝑦𝑚𝑚𝑚𝑚 (𝜔𝜔)

0 otherwise

1 if retailer r is assigned to distribution center j as the primary site for

𝑍𝑍𝑍𝑍𝑗𝑗𝑗𝑗 (𝜔𝜔)

scenario 𝜔𝜔

0 otherwise

1 if retailer r is assigned to distribution center j as a backup site for scenario 𝜔𝜔

𝑍𝑍𝑍𝑍𝑗𝑗𝑗𝑗 (𝜔𝜔)

0 otherwise
1 if retailer r is assigned to reliable distribution center j as a primary site for

𝑍𝑍𝑍𝑍𝑗𝑗𝑗𝑗 (𝜔𝜔)
𝑝𝑝𝑟𝑟 (𝜔𝜔)

𝑝𝑝𝑝𝑝𝑝𝑝𝑟𝑟 (𝜔𝜔)
𝑥𝑥𝑟𝑟 (𝜔𝜔)

scenario 𝜔𝜔

0 otherwise

Price for retailer r offered by DC in scenario 𝜔𝜔
Sale price offered by retailer r in scenario𝜔𝜔
Annual demand of retailer r in scenario 𝜔𝜔

3- Mathematical model
As discussed earlier, retailers try to determine the best selling price in order to maximize their profit.
The profit function consisting purchase and inventory costs, can be formulated as equation (1) as
follows:
(1)
𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 = �(𝑝𝑝𝑝𝑝𝑝𝑝 (𝜔𝜔) − 𝑝𝑝 (𝜔𝜔))𝑥𝑥 (𝜔𝜔) − � ℎ 𝑥𝑥 (𝜔𝜔)
𝑟𝑟

𝜔𝜔

𝑟𝑟

𝑟𝑟

𝑥𝑥𝑟𝑟 (𝜔𝜔) = 𝐷𝐷𝐷𝐷𝑟𝑟 (𝜔𝜔) − 𝑏𝑏𝑏𝑏 𝑝𝑝𝑝𝑝𝑝𝑝𝑟𝑟 (𝜔𝜔)

𝑟𝑟

𝜔𝜔

𝑝𝑝𝑝𝑝𝑝𝑝𝑟𝑟 (𝜔𝜔) ≥ 0

𝑟𝑟 𝑟𝑟

(2)
(3)

Constraint (2) indicates linear demand function and shows that price is sensitive to demand. This
function is applied in many researches (Dong and Xu (2002), Chiang (2003), Sadjadie (2009), Anderson
and Bao (2009)).Constraint (3) shows that prices are positive.
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The profit of DSs contains total sale income, fixed location costs, purchase, and inventory and
transportation costs. The formulation of the problem is as follow:
max 𝑑𝑑𝑑𝑑𝑗𝑗 = 𝐸𝐸�𝑄𝑄�𝑂𝑂. 𝜉𝜉(𝜔𝜔)�� − � 𝑔𝑔𝑔𝑔𝑗𝑗 𝑂𝑂𝑂𝑂𝑗𝑗 − � 𝑔𝑔𝑔𝑔𝑗𝑗 𝑂𝑂𝑂𝑂𝑗𝑗
𝑗𝑗𝑗𝑗𝑗𝑗

𝑂𝑂𝑂𝑂𝑗𝑗 . 𝑂𝑂𝑂𝑂𝑗𝑗 . ∈ {0.1}

s.t

𝑗𝑗𝑗𝑗𝑗𝑗

(4)
(5)

𝑂𝑂𝑂𝑂𝑗𝑗 + 𝑂𝑂𝑂𝑂𝑗𝑗 ≤ 1

∀𝑗𝑗

� 𝑂𝑂𝑂𝑂𝑗𝑗 ≥ 1
𝑗𝑗∈𝐽𝐽

(6)
(7)

where 𝑄𝑄�𝑂𝑂. 𝜉𝜉(𝜔𝜔)�is the optimal value of the following second stage problem:
Stage two :
𝑚𝑚𝑚𝑚𝑚𝑚 � � � �𝑝𝑝𝑟𝑟 (𝜔𝜔)𝑥𝑥𝑟𝑟 (𝜔𝜔)𝑝𝑝𝑝𝑝𝑝𝑝(𝜔𝜔)) + � � � 𝑞𝑞𝑗𝑗 �𝜃𝜃𝜃𝜃𝑗𝑗𝑗𝑗 𝑑𝑑𝑗𝑗𝑗𝑗 � 𝑝𝑝𝑝𝑝𝑝𝑝(𝜔𝜔) 𝑍𝑍𝑍𝑍𝑗𝑗𝑗𝑗 (𝜔𝜔)
𝜔𝜔𝜔𝜔Ω 𝑗𝑗𝑗𝑗𝑗𝑗 𝑟𝑟𝑟𝑟𝑟𝑟

𝑗𝑗𝑗𝑗𝑗𝑗 𝑟𝑟𝑟𝑟𝑟𝑟 𝜔𝜔𝜔𝜔Ω

− � � �(𝑤𝑤𝑗𝑗 (𝜔𝜔)𝑥𝑥𝑟𝑟 (𝜔𝜔)𝑝𝑝𝑝𝑝𝑝𝑝(𝜔𝜔)𝑍𝑍𝑍𝑍𝑗𝑗𝑗𝑗 (𝜔𝜔)�
𝑗𝑗

𝑟𝑟

𝜔𝜔

− � � � 𝑥𝑥𝑟𝑟 (𝜔𝜔)𝑝𝑝𝑝𝑝𝑝𝑝(𝜔𝜔) ℎ𝑗𝑗 𝑍𝑍𝑍𝑍𝑗𝑗𝑗𝑗 (ω)
𝑗𝑗𝑗𝑗𝑗𝑗 𝑟𝑟𝑟𝑟𝑟𝑟 𝜔𝜔𝜔𝜔Ω

− � � � 𝑦𝑦𝑚𝑚𝑚𝑚 (𝜔𝜔)𝑝𝑝𝑝𝑝𝑝𝑝(𝜔𝜔) 𝑓𝑓𝑚𝑚

(8)

𝑚𝑚𝑚𝑚𝑚𝑚 𝑗𝑗𝑗𝑗𝑗𝑗 𝜔𝜔𝜔𝜔Ω

− � � � 𝑞𝑞𝑗𝑗 �𝜃𝜃𝜃𝜃𝑗𝑗𝑗𝑗 𝑑𝑑𝑗𝑗𝑗𝑗 � 𝑝𝑝𝑝𝑝𝑝𝑝(𝜔𝜔) 𝑍𝑍𝑍𝑍𝑗𝑗𝑗𝑗 (𝜔𝜔)
𝑗𝑗𝑗𝑗𝑗𝑗 𝑟𝑟𝑟𝑟𝑟𝑟 𝜔𝜔𝜔𝜔Ω

− � � ��1 − 𝑞𝑞𝑗𝑗 ��𝜃𝜃𝜃𝜃𝑗𝑗𝑗𝑗 𝑑𝑑𝑗𝑗𝑗𝑗 � 𝑝𝑝𝑝𝑝𝑝𝑝(𝜔𝜔) 𝑍𝑍𝑍𝑍𝑗𝑗𝑗𝑗 (𝜔𝜔)
𝑗𝑗𝑗𝑗𝑗𝑗 𝑟𝑟𝑟𝑟𝑟𝑟 𝜔𝜔𝜔𝜔Ω

𝑍𝑍𝑍𝑍𝑗𝑗𝑗𝑗 (𝜔𝜔) ≤ � 𝑦𝑦𝑚𝑚𝑚𝑚 (𝜔𝜔)

∀𝑗𝑗. 𝑟𝑟. 𝜔𝜔

𝑚𝑚𝑚𝑚𝑚𝑚

𝑍𝑍𝑍𝑍𝑗𝑗𝑗𝑗 (𝜔𝜔) ≤ � 𝑦𝑦𝑚𝑚𝑚𝑚 (𝜔𝜔) ∀𝑗𝑗. 𝑟𝑟. 𝜔𝜔

(10)

𝑚𝑚𝑚𝑚𝑚𝑚

� 𝑦𝑦𝑚𝑚𝑚𝑚 (𝜔𝜔) ≤ 𝑂𝑂𝑂𝑂𝑗𝑗 + 𝑂𝑂𝑂𝑂𝑗𝑗

∀𝑗𝑗. 𝜔𝜔

𝑚𝑚𝑚𝑚𝑚𝑚

� 𝑍𝑍𝑍𝑍𝑗𝑗𝑗𝑗 (𝜔𝜔) = 1

∀𝑟𝑟. 𝜔𝜔

𝑗𝑗∈𝐽𝐽

� 𝑍𝑍𝑍𝑍𝑗𝑗𝑗𝑗 (𝜔𝜔) = 1 ∀𝑟𝑟. 𝜔𝜔
𝑗𝑗∈𝐽𝐽

𝑍𝑍𝑍𝑍𝑗𝑗𝑗𝑗 (𝜔𝜔) ≤ 𝑂𝑂𝑂𝑂𝑗𝑗 + 𝑂𝑂𝑂𝑂𝑗𝑗

(9)

(11)
(12)
(13)

𝑍𝑍𝑍𝑍𝑗𝑗𝑗𝑗 (𝜔𝜔) ≤ 𝑂𝑂𝑂𝑂𝑗𝑗 ∀𝑗𝑗. 𝑟𝑟

∀𝑗𝑗. 𝑟𝑟. 𝜔𝜔

𝑍𝑍𝑍𝑍𝑗𝑗𝑗𝑗 (𝜔𝜔) ≤ 𝑍𝑍𝑍𝑍𝑗𝑗𝑗𝑗 (𝜔𝜔)

∀𝑗𝑗. 𝑟𝑟. 𝜔𝜔
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(14)
(15)
(16)

𝑍𝑍𝑍𝑍𝑗𝑗𝑗𝑗 (𝜔𝜔) ≤ 𝑍𝑍𝑍𝑍𝑗𝑗𝑗𝑗 (𝜔𝜔)

∀𝑗𝑗. 𝑟𝑟. 𝜔𝜔

� 𝐷𝐷𝐷𝐷𝑟𝑟 (𝜔𝜔)𝑍𝑍𝑍𝑍𝑗𝑗𝑗𝑗 (𝜔𝜔) ≤ 𝑐𝑐𝑐𝑐𝑐𝑐𝑗𝑗

∀𝑗𝑗. 𝑟𝑟. 𝜔𝜔

𝑟𝑟∈𝑅𝑅

𝑍𝑍𝑍𝑍𝑗𝑗𝑗𝑗 (𝜔𝜔). 𝑍𝑍𝑍𝑍𝑗𝑗𝑗𝑗 (𝜔𝜔),𝑍𝑍𝑍𝑍𝑗𝑗𝑗𝑗 (𝜔𝜔),𝑦𝑦𝑚𝑚𝑚𝑚 (𝜔𝜔) ∈ {0.1}

(17)
(18)
(19)

𝑥𝑥𝑟𝑟 (𝜔𝜔),𝑝𝑝𝑟𝑟 (𝜔𝜔) > 0

(20)

Objective function for leader (DCs) is two-stage stochastic programming. In this model location of
DCs are strategic and should be decided in the first stage then the assignments and pricing decisions
that are dependent to the scenarios and should be determined in the second stage. Constraint (6) insures
that only one distribution center (reliable or unreliable) can be located at node j. Constraint (7) enforces
that at least a reliable distribution center j should be located.
In the second stage, the objective function contains sale products to DCs and saving costs of assigning
retailers to reliable DCs as primary allocation. The next terms are purchase, inventory and selecting
manufacturer costs. Two last terms of function, indicate the expected transportation costs when retailers
are served by their primary or backup distribution center facility. Constraint (9) and (10) express both
reliable and unreliable DCs should be assigned to the selected manufacture. Constraint (11) ensures that
each opened DC should be assigned to the selected manufacturer. Constraint (12) and (13) show that
each retailer should be assigned to both primary and backup distribution center j. Constraints (14) and
(15) ensure that the primary assignment should be considered for an open distribution center (reliable
or un reliable) and the backup assignment is related to a reliable facility. Constraint (16) and (17) state
that the savings associated with any assignment can only be realized if the retailer r is assigned to the
same distribution center j as its primary and its backup facility. Capacity constraint of DCs is considered
in constraint (18).Constraint (5), (19) and (20) define non-negative and binary variables.

3-1- Stackelberg game model
For calculating the equilibrium in game model, we use backward induction (calculation moves
'backwards'). First, we calculate the best response functions of the retailer. Then the best reaction
function for DCs are obtained by considering the retailer's reaction.
As the second derivative of 𝐹𝐹𝑟𝑟 is

𝜕𝜕2 𝐹𝐹𝑟𝑟
𝜕𝜕𝑝𝑝𝑝𝑝𝑝𝑝𝑟𝑟 (𝜔𝜔)2

= −2𝑏𝑏𝑏𝑏 , we obtain optimal 𝑝𝑝𝑝𝑝𝑝𝑝𝑟𝑟 (𝜔𝜔)by setting the first

derivative of retailer's function and put it equal to 0.

So we get:
𝐷𝐷𝐷𝐷𝑟𝑟 (𝜔𝜔) + 𝑝𝑝𝑟𝑟 (𝜔𝜔)𝑏𝑏𝑏𝑏 + 𝑏𝑏𝑏𝑏ℎ𝑟𝑟
2𝐵𝐵𝐵𝐵
𝐷𝐷𝐷𝐷𝑟𝑟 (𝜔𝜔) − 𝑝𝑝𝑟𝑟 (𝜔𝜔)𝑏𝑏𝑏𝑏 − 𝑏𝑏𝑏𝑏ℎ𝑟𝑟
𝑥𝑥𝑟𝑟 (𝜔𝜔) =
2
𝑝𝑝𝑝𝑝𝑝𝑝𝑟𝑟 (𝜔𝜔) =

(21)
(22)

We replace equation (21) into equation (2) to achieve and equation (22). Then we set equation (22) in
DC's objective function and rewrite the second stage of the model.
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Stage two :
𝑚𝑚𝑚𝑚𝑚𝑚 � � � �𝑝𝑝𝑟𝑟 (𝜔𝜔)(
𝜔𝜔𝜔𝜔Ω 𝑗𝑗𝑗𝑗𝑗𝑗 𝑟𝑟𝑟𝑟𝑟𝑟

𝐷𝐷𝐷𝐷𝑟𝑟 (𝜔𝜔) − 𝑝𝑝𝑟𝑟 (𝜔𝜔)𝑏𝑏𝑏𝑏 − 𝑏𝑏𝑏𝑏ℎ𝑟𝑟
)𝑝𝑝𝑝𝑝𝑝𝑝(𝜔𝜔)
2

+ � � � 𝑞𝑞𝑗𝑗 �𝜃𝜃𝜃𝜃𝑗𝑗𝑗𝑗 𝑑𝑑𝑗𝑗𝑗𝑗 � 𝑝𝑝𝑝𝑝𝑝𝑝(𝜔𝜔) 𝑍𝑍𝑍𝑍𝑗𝑗𝑗𝑗 (𝜔𝜔)�
𝑗𝑗𝑗𝑗𝑗𝑗 𝑟𝑟𝑟𝑟𝑟𝑟 𝜔𝜔𝜔𝜔Ω

𝐷𝐷𝐷𝐷𝑟𝑟 (𝜔𝜔) − 𝑝𝑝𝑟𝑟 (𝜔𝜔)𝑏𝑏𝑏𝑏 − 𝑏𝑏𝑏𝑏ℎ𝑟𝑟
) �� � �(𝑤𝑤𝑗𝑗 (𝜔𝜔)𝑝𝑝𝑝𝑝𝑝𝑝(𝜔𝜔)𝑍𝑍𝑍𝑍𝑗𝑗𝑗𝑗 (𝜔𝜔)
2

−(

𝑗𝑗

𝑟𝑟

𝜔𝜔

(23)

− � � � 𝑝𝑝𝑝𝑝𝑝𝑝(𝜔𝜔) ℎ𝑗𝑗 𝑍𝑍𝑍𝑍𝑗𝑗𝑗𝑗 (ω)� − � � � 𝑦𝑦𝑚𝑚𝑚𝑚 (𝜔𝜔)𝑝𝑝𝑝𝑝𝑝𝑝(𝜔𝜔) 𝑓𝑓𝑚𝑚
𝑗𝑗𝑗𝑗𝑗𝑗 𝑟𝑟𝑟𝑟𝑟𝑟 𝜔𝜔𝜔𝜔Ω

𝑚𝑚𝑚𝑚𝑚𝑚 𝑗𝑗𝑗𝑗𝑗𝑗 𝜔𝜔𝜔𝜔Ω

− � � � 𝑞𝑞𝑗𝑗 �𝜃𝜃𝜃𝜃𝑗𝑗𝑗𝑗 𝑑𝑑𝑗𝑗𝑗𝑗 � 𝑝𝑝𝑝𝑝𝑝𝑝(𝜔𝜔) 𝑍𝑍𝑍𝑍𝑗𝑗𝑗𝑗 (𝜔𝜔)
𝑗𝑗𝑗𝑗𝑗𝑗 𝑟𝑟𝑟𝑟𝑟𝑟 𝜔𝜔𝜔𝜔Ω

− � � ��1 − 𝑞𝑞𝑗𝑗 ��𝜃𝜃𝜃𝜃𝑗𝑗𝑗𝑗 𝑑𝑑𝑗𝑗𝑗𝑗 � 𝑝𝑝𝑝𝑝𝑝𝑝(𝜔𝜔) 𝑍𝑍𝑍𝑍𝑗𝑗𝑗𝑗 (𝜔𝜔)
𝑗𝑗𝑗𝑗𝑗𝑗 𝑟𝑟𝑟𝑟𝑟𝑟 𝜔𝜔𝜔𝜔Ω

St.
Constraint (9)-(20)

As it is clear, objective function (8) contains nonlinear terms, which are difficult to deal with them.
Nevertheless, in the reformulation scheme, quadratic term is appearing and we can use conic quadratic
approach for solving the problem. The deterministic equivalent program (DEP) of proposed model is
presented in appendix 1.

4-Numerical experiment
In this section, we prepare some computational experiments to test the accuracy of the model. All
examples were coded in 24.1.3GAMSusing BONMIN solver and implemented on the computer with
the following configuration: processor is Intel Core i7 Duo CPU @ 1.80 GHz 2.40 GHz with 6 G
memory. Data for provided instances are generated according table2. Fixed location costs, inventory
costs, fixed selecting manufacturer costs and transportation costs are generated randomly according to
uniform distribution. Distance between manufacturer to DCs and DCs to retailers are calculated by
Euclidean distances. The results of solving the problem with different sizes and features are presented
in table 3.
Table2. Data generation
annual base market
Distribution center capacities
Price elasticity of demand
Fixed cost for locating reliable DC
Fixed cost for locating un reliable DC
Fixed cost of selecting manufacturer
Annual inventory cost in DC
probability that an unreliable distribution may be failed

𝒅𝒅𝒅𝒅𝒓𝒓 (𝝎𝝎) = 𝐔𝐔[𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐. 𝟕𝟕𝟕𝟕𝟕𝟕𝟕𝟕𝟕𝟕𝟕𝟕]
𝒄𝒄𝒄𝒄𝒄𝒄𝒋𝒋 = 𝑼𝑼[𝟑𝟑𝟑𝟑𝟑𝟑𝟑𝟑𝟑𝟑𝟑𝟑𝟑𝟑. 𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏]
𝒃𝒃𝒃𝒃 = 𝟖𝟖𝟖𝟖
𝒈𝒈𝒈𝒈𝒋𝒋 = 𝑼𝑼[𝟗𝟗𝟗𝟗𝟗𝟗𝟗𝟗𝟗𝟗. 𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏]
𝒈𝒈𝒈𝒈𝒋𝒋 = 𝑼𝑼[𝟔𝟔𝟔𝟔𝟔𝟔𝟔𝟔𝟔𝟔. 𝟗𝟗𝟗𝟗𝟗𝟗𝟗𝟗𝟗𝟗]
𝒇𝒇𝒋𝒋 = 𝑼𝑼[𝟗𝟗𝟗𝟗𝟗𝟗. 𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏]
𝒉𝒉𝒋𝒋 = 𝑼𝑼[𝟕𝟕𝟕𝟕. 𝟗𝟗𝟗𝟗]
𝒒𝒒𝒋𝒋 = 𝑼𝑼[𝟎𝟎. 𝟏𝟏]

𝜽𝜽𝒋𝒋𝒋𝒋 = 𝑼𝑼[𝟎𝟎. 𝟎𝟎𝟎𝟎. 𝟎𝟎. 𝟎𝟎𝟎𝟎]

Transportation cost for primary allocation
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Table 3. Numerical examples
NO.

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26

Size of problem

Location of
reliable DC

Location of
unreliable DC

Objective
value

Time(second)

Gap

5

𝑜𝑜𝑜𝑜2

-

1.529153E+9

0.85

0

3

10

𝑜𝑜𝑜𝑜2

-

3.729261E+9

2

0

4

15

𝑜𝑜𝑜𝑜3

|𝑀𝑀|

|𝐽𝐽|

|𝑅𝑅|

2

3

7

2
2
3
3
3
4
3
4
4
3
3
3
4
4
5
5
4
4
5

2

3
4
4
5
6
5
5
6
6
7
8
7
8
8
9

12

6

12

5

12

6
5
6
7

13
14
14
15

10
20
20

𝑜𝑜𝑜𝑜1

-

𝑜𝑜𝑜𝑜2

-

𝑜𝑜𝑜𝑜5

𝑜𝑜𝑜𝑜1

𝑜𝑜𝑜𝑜1

𝑜𝑜𝑜𝑜4

25

𝑜𝑜𝑜𝑜1 ,𝑜𝑜𝑜𝑜5

-

30

𝑜𝑜𝑜𝑜1

20
25

𝑜𝑜𝑜𝑜5

𝑜𝑜𝑜𝑜2

𝑜𝑜𝑜𝑜4

𝑜𝑜𝑜𝑜2
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𝑜𝑜𝑜𝑜5

𝑜𝑜𝑜𝑜2

45

𝑜𝑜𝑜𝑜6. 𝑜𝑜𝑜𝑜1

53

𝑜𝑜𝑜𝑜5. 𝑜𝑜𝑜𝑜6

40
50

𝑜𝑜𝑜𝑜1

𝑜𝑜𝑜𝑜2 ,𝑜𝑜𝑜𝑜5

𝑜𝑜𝑜𝑜4. 𝑜𝑜𝑜𝑜1

𝑜𝑜𝑜𝑜5

55

𝑜𝑜𝑜𝑜2. 𝑜𝑜𝑜𝑜3 , 𝑜𝑜𝑜𝑜4.

60

𝑜𝑜𝑜𝑜5. 𝑜𝑜𝑜𝑜1.

57
65
67

𝑜𝑜𝑜𝑜5

𝑜𝑜𝑜𝑜4 , 𝑜𝑜𝑜𝑜7.
𝑜𝑜𝑜𝑜5. 𝑜𝑜𝑜𝑜4.

𝑜𝑜𝑜𝑜3

𝑜𝑜𝑜𝑜3 . 𝑜𝑜𝑜𝑜4 ,

𝑜𝑜𝑜𝑜12 . 𝑜𝑜𝑜𝑜6

𝑜𝑜𝑜𝑜10 . 𝑜𝑜𝑜𝑜5 . 𝑜𝑜𝑜𝑜9

𝑜𝑜𝑜𝑜7. 𝑜𝑜𝑜𝑜4.

𝑜𝑜𝑜𝑜11 . 𝑜𝑜𝑜𝑜9

75

𝑜𝑜𝑜𝑜5. 𝑜𝑜𝑜𝑜1.

𝑜𝑜𝑜𝑜13 . 𝑜𝑜𝑜𝑜6

𝑜𝑜𝑜𝑜7. 𝑜𝑜𝑜𝑜4.

𝑜𝑜𝑜𝑜12 . 𝑜𝑜𝑜𝑜9 . 𝑜𝑜𝑜𝑜5

85

100

6.644004E+9

132

7.709541E+9
9.367021E+9
9.103945E+9
1.07796E+10
1.35872E+10

𝑜𝑜𝑜𝑜9

𝑜𝑜𝑜𝑜10 . 𝑜𝑜𝑜𝑜2

43

120
180
188
190
600

0
0
0
0
0
0
0
0
0
0

1.43067E+10

3600*

0.000015

1.93216E+10

3600*

0.56

1.51325E+10

2.708291E+10

𝑜𝑜𝑜𝑜3

𝑜𝑜𝑜𝑜14. 𝑜𝑜𝑜𝑜6 , 𝑜𝑜𝑜𝑜7.

6.415639E+9

5.594888E+9

𝑜𝑜𝑜𝑜5

𝑜𝑜𝑜𝑜4. 𝑜𝑜𝑜𝑜5 , 𝑜𝑜𝑜𝑜7.

80

15

2.384860E+10

-

3.24

3.813310E+9

𝑜𝑜𝑜𝑜2

70
73

2.078840E+9

2.502368E+10
3.292707E+10
3.971502E+10
4.284641E+10
4.776628E+10
5.490514E+10
5.951820E+10
6.282946E+10
6.57385E+10

* GAMS cannot find the optimal solution during the reported time

3600*
7200*

0.37

0.022

7200*

0.0026

7200*

0.0033

7200*
7200*

0.0017
0.032

7200*

0.0016

7200*

0.034

7200*
7200*
7200*

10800*

0.0068
0.015
0. 32

0.0013

Table 3 listed the results of proposed model. As can be seen in the table GAMS was able to find the
optimal solutions for small and average size of instances.
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4-1- Sensitivity analysis
In this section, sensitivity analysis is performed for some specified parameters to recognize the most
significant factors affecting the system's efficiency and to suggest useful guidelines.

4-2-The price elasticity of demand
The price elasticity of demand (br) is one of the significant parameters that has an impressive effect
on supply chain’s revenue. The primary value is considered to be 85 and percentages of improvements
and reduction are equating to (20%, 30%, 40%). As it shows in figure 2 and figure 3(a, b), increase in
br, causes reductions in the price and profit of retailers and DCs. Contrariwise, decrease in br eventuates
the increase of prices and profits in both DCs and retailers.

Retailer’s profit
DC’s profit

Pro
fit

Price elasticity of demand (br)

Fig2. Impact of changing br on DCs and retailers profit

Retailer
DC

Price

0.6

0.7

0.8

0.9

1

1.2

Price elasticity of demand (br)

1.3

1.4

Fig 3 (a). The result of changing br on the price of DCs and retailers in the first scenario
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Retailer
DC

Price

0.6

0.7

0.8

0.9

1

1.2

Price elasticity of demand (br)

1.3

1.4

Fig3 (b). The result of changing br onthe price of DCs and retailersin second scenario

4-3- The Base market potential of retailers
We provide a sensitivity analysis for the base market (de )in price and retailers demand in figure 4.
The result describes that by increase in de, the price and demand increase. For example, when the base
market increases from 250000 to 350000, the price increases from 2500 to 3200 (by 28%).

𝐷𝐷1

𝐷𝐷2

𝐷𝐷3

The base market

𝐷𝐷3

𝐷𝐷1

𝐷𝐷2

𝐷𝐷3

The base market

𝐷𝐷4

𝐷𝐷1 = 250000, 𝐷𝐷1 = 300000, 𝐷𝐷1 = 350000, 𝐷𝐷1 = 400000
Fig4. Impact of base market on retailer's demand and price.

4-4- Impact of disruption
In this subsection, we investigate the impact of considering disruptions in competitive supply chain.
First, we assumed that the probability of disruption is equal to zero and solved the model without failure
in distribution centers. Then, we considered the failure probability and solved the model again. The
achieved result of DC 's profit with and without considering disruption is represented in figure 5
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Fig5. Impact of considering disruption on DC's profit

As can be seen from the figure, disruption has a great effect on the performance of supply chain and
decrease the profit of DCs. In conclusion, failures of facilities in supply’s elements affect the
performance of supply chain, substantially. Thus, consideration of disruptions helps to estimate and
design the supply chains in an efficient way.
3-4-1-Impact of disruption probability on reliable and unreliable DCs
In this section, we study that how the disruption probability affects the number of reliable and
unreliable DCs. To this end, we focused on two instances with 60 and 80 numbers of retailers. The
results are depicted in figure 6. It can be concluded from the figure that by increase in q value the
optimum number of opened reliable DCs increase, in return, the optimum number of opened unreliable
DCs decrease. For example, figure 6 shows that at size 80 and q = 0.1, there are 2 and 3 opened reliable
and unreliable DCs, respectively, whereas at q = 0.4, there are 4 and 1 opened reliable and unreliable
DCs. Similar results are also found at size 60.
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Fig 6. Impact of disruption probability on unreliable DCs (a) and reliable DCs(b)
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4- 5- Value of stochastic programming
In order to evaluate the advantage of considering uncertainty in the model, we implemented the wellknown value of the stochastic programming (VSS) factor. In this approach, instead of random variables,
the corresponded average values are applied. In this case, we employed the average of demands in
different scenarios to model the problem. 𝐿𝐿𝐿𝐿𝐿𝐿 𝑧𝑧̅(𝜉𝜉 ̅) be the optimal decisions in the first stage of the
problem. The VSS is then calculated as 𝑆𝑆𝑆𝑆 = 𝑄𝑄 ∗ − 𝐸𝐸𝐸𝐸𝐸𝐸 , where 𝑄𝑄∗ is the objective value of the
stochastic programming and EEV is expected result of using EV (expected value program) solution and
computed by EEV= 𝐸𝐸𝜉𝜉 (Q(𝑧𝑧̅(𝜉𝜉 ̅),𝜉𝜉 )) (Tikani et al. 2016).
The results of solving stochastic model and the calculated VSS are compared in Table4. Higher values
of VSS implies the inefficiency of deterministic model and explained that, applying stochastic
programming model is more valuable and justify the use of more sophisticated modeling and solving
techniques.
Table4. Computational results for VSS and the stochastic programming solutions.
Size of problem

VSS

2

|𝑅𝑅|

EEV

2

|𝐽𝐽|

Q*

1

|𝑀𝑀|

5

1.696634E+9

1.122728E+9

5.739060E+8

2

2

3

10

3.688538E+9

2.370339E+9

1.318199E+9

3

3

4

15

5.178219E+9

3.413224E+9

1.764995E+9

4

3

4

17

6.149202E+9

4.146100E+9

2.003102E+9

NO

5-Conclusion
In this paper, a two stage stochastic programming model is presented to incorporate game-theoretic
approach and facility failures in multi-level supply chain. To deal with the uncertainty of demands, we
assume that demand has a discrete distribution with number of possible scenarios. In particular, in the
first stage of the model, we decide about the location of DCs (strategic planning) which are not affected
by randomness of stochastic environment while second stage deals with tactical decisions that vary
regard to randomness reality. In details, proposed model strives to maximize DCs and retailers profit by
following issues:
• Facility location problem, to determine the number and location of distribution centers.
•

Allocation strategies, to determine the best assignments of retailers to DCs and DCs to selected
manufacture in both normal and emergency situations.

•

Pricing decision, to find the optimal price strategy in competitive market for retailers and
customers, considering costs of inventories and transportations.

In emergent conditions, due to the natural disasters or human mistakes DCs may face various
unexpected events that disturb supply chain. Thus, backup facilities are considered for responding
retailer’s demands in failure situations. In the following, various numerical experiments is provided to
show the efficiency of the model. In addition, Sensitivity analysis is performed to provide insights
regarding the effect of parameters. Finally, we calculated Value of the Stochastic Solution factor (VSS)
for some examples to justify use of more sophisticated modeling techniques and extra computational
efforts.
Interesting avenues of the paper for future researches consists in addressing this problem with larger
sizes and use of proper algorithms for solving it, and considering partial facility disruptions as well as
partial hardening options (with less investment) or employing other pricing policies such as zone
pricing.
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Appendix 1
Two stage stochastic model by assuming finite number of scenarios probabilities 𝜋𝜋(𝜔𝜔) is provided as
follows:

𝑚𝑚𝑚𝑚𝑚𝑚 � 𝜋𝜋(𝜔𝜔) � � �𝑝𝑝𝑟𝑟 (𝜔𝜔)𝑥𝑥𝑟𝑟 (𝜔𝜔)+𝑞𝑞𝑗𝑗 �𝜃𝜃𝜃𝜃𝑗𝑗𝑗𝑗 𝑑𝑑𝑗𝑗𝑗𝑗 𝑍𝑍𝑍𝑍𝑗𝑗𝑗𝑗 (𝜔𝜔)� − (𝑤𝑤𝑗𝑗 (𝜔𝜔)𝑥𝑥𝑟𝑟 (𝜔𝜔)𝑍𝑍𝑍𝑍𝑗𝑗𝑗𝑗 (𝜔𝜔)
𝜔𝜔𝜔𝜔Ω

𝑗𝑗𝑗𝑗𝑗𝑗 𝑟𝑟𝑟𝑟𝑟𝑟

− 𝑥𝑥𝑟𝑟 (𝜔𝜔)ℎ𝑗𝑗 𝑍𝑍𝑍𝑍𝑗𝑗𝑗𝑗 (𝜔𝜔) − � 𝑓𝑓𝑚𝑚 𝑦𝑦𝑚𝑚𝑚𝑚 (𝜔𝜔) − 𝑞𝑞𝑗𝑗 �𝜃𝜃𝜃𝜃𝑗𝑗𝑗𝑗 𝑑𝑑𝑗𝑗𝑗𝑗 𝑍𝑍𝑍𝑍𝑗𝑗𝑗𝑗 (𝜔𝜔)�

(a-1)

𝑚𝑚𝑚𝑚𝑚𝑚

− �1 − 𝑞𝑞𝑗𝑗 ��𝜃𝜃𝜃𝜃𝑗𝑗𝑗𝑗 𝑑𝑑𝑗𝑗𝑗𝑗 𝑍𝑍𝑍𝑍𝑗𝑗𝑗𝑗 (𝜔𝜔)�� − � 𝑔𝑔𝑔𝑔𝑗𝑗 𝑂𝑂𝑂𝑂𝑗𝑗 − � 𝑔𝑔𝑔𝑔𝑗𝑗 𝑂𝑂𝑂𝑂𝑗𝑗
𝑗𝑗𝑗𝑗𝑗𝑗

𝑍𝑍𝑍𝑍𝑗𝑗𝑗𝑗 (𝜔𝜔) ≤ � 𝑦𝑦𝑚𝑚𝑚𝑚 (𝜔𝜔)

∀𝑗𝑗. 𝑟𝑟. 𝜔𝜔

𝑚𝑚𝑚𝑚𝑚𝑚

𝑍𝑍𝑍𝑍𝑗𝑗𝑗𝑗 (𝜔𝜔) ≤ � 𝑦𝑦𝑚𝑚𝑚𝑚 (𝜔𝜔)

∀𝑗𝑗. 𝑟𝑟. 𝜔𝜔
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