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ABSTRACT

Suppose an urn contains M balls, of different types, which are removed from the urn in a
uniform random manner. In the hypergeometric coupon collection problem, we are interested in
the set of balls that have been removed at the moment when at least one ball of each type has
been removed. In its dua, we are interested in the set of removed balls at the first moment that
this set contains al of the balls of at least one type.

1. INTRODUCTION AND SUMMARY

Consider an urn that contains M balls, of which m are of typei, for i =1,...,n,M =zin:1m . The

hypergeometric coupon collecting problem arises when balls are removed from the urn in uniform
random manner until at least one ball of each type has been removed. Let N; denote the number of

typei balls that are removed in the coupon collecting problem, and let N = zin:l N, denote the total

number of removed balls. In section 2 we derive the joint probability mass function of Ng,...,N, as
well as the marginal mass functions and the means and variances of the N,. We aso give formulas
for the factorial moments of N. The tail distribution P (N>r) is explicitly obtained when al m are

equal, and upper and lower bounds are provided in the general case. We aso show that P(N>r) isa
Schur convex function of the parameters my,...,m,.

The dual of the hypergeometric coupon collecting problem, which stops removing balls at the
moment when all the balls of at least one type have been removed, is considered in Section 3.

2. RESULTSFOR THE HYPERGEOMETRIC COUPON COLLECTION PROBLEM
We start with the joint mass function of Nj,...,N,.

Proposition 1 With rzzjij ,
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Proof: With L being the last of the n typesto have one of its balls removed, we have

P(N; =i;,N, =i,,....,N, =i,) = D> P(N; =i,N, =i,,...,N, =i, L =)

jij=1

Hkijﬁ:‘j m,

j:ii=l M M_r+1
r-1

To obtain the marginal mass function of N, we will find it useful to consider a continuous time

model in which each of the balls is removed at random time that is uniformly distributed on (0, 1),
with these M times being independent. Clearly, the order in which the balls are removed in this
continuous time model is probabilistically the same asin the original model.

Proposition 2

P(N, =1) :jmK(l—t)”‘«lH[l— @-t)™]dt+ ijj @-t)™  mt@-t)™* T [1- @-t)™ ]dt

r#k j=k 0 r#j,k

P(N, =1) =ZTm,- (1—t)“""1(?‘Kjti(1—t)"‘ﬂi [T-@-om™d, i>1

j=zk 0 r#j,k

Proof: Let T; denote the time of the first removal of type j ball. Then, with L designating the last
type ball removed

PN, =i)=  P(N,=i,L=K)+ Y P(N, =i,L =)

j=k

1
= P(N, =i,L=k)+ZJ'P(Nk —i,L= [T, =tym (1-t)™ "t

= P(N, =i,L= k)+ijj (1_t)m,1[rin<}i(1_t)rmi H[l_ (1-t)™ ot
where
(N, =i L=k = ] MO T Ao ifi=1
0, ifi>1

and the proof iscomplete. =

Remark: The preceding result can be used to obtain an expression forzk P(N, =i), the expected

number of types to have exactly i balls removed. Expressions for these quantities in the classical
coupon collecting problem - where each new coupon is, independently of the past, of type i with
probability p;, i =1,...,n, - were given in Adler et a. (2003).

We now obtain the mean and variance of N.
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Proposition 3 With

j(l o™ Ja-@a-o" )dt+zjm(1 O™ ] @-@-0™)d,

j#=k j=k o rk, j

E[N,] =m,p,
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j#k o rk,j

Proof: Number the my type k balls, and let R denote the event that type k ball nhumber i isin the
final set, i =1,...,m.. Then,

P(R.L=K)+> P(R,L=])

j=k

j(l " TTa-a-y™ )dt+zjm(1 0" ] @-@-o™)d

j=k ik 0 r=k, j

P(R)

Also, ifm > 2, thenfor i #s

P(RR)=>_P(RR,L=j)

JESS

- lm.(l—t)mfltz (1-(1—-t)™)dt
>[m [1

j=k 0 r=k,j

the result follows since N, Z. flg. ®

The next proposition yields a formula for factorial moments of N = Zk N, , the total number of

balls one needs to remove to obtain a complete set.

Proposition 4

E[N(N +1)..(N+r-1)] = (M”)

rj[l [1a-pMia-p)dp

i=1

Proof: Consider a system with M components in which each component is either working or
failed, and suppose there is a monotone structure function that defines when the system works as
a function of which components are working. Suppose that the M initially working components
fail in a random, uniformly distributed order, and let N equal to the number of components that
need fail to cause the system to fail. It was shown by Ross et a. (1980) that

(M08 e (pya— pycp

where r(p) is the probability that the system works when each component independently works
with probability p.

E[N(N+1)..(N+r-D]=
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For a system of M components, partitioned into n digoint subsets of sizes my,...,m,, that is said to
work if al of the components of at |east one subset work

r(p)=1-[ [@- p")db

and theresult follows. m

Our next result shows that the distribution function of N is a Schur function of the parameters
(my,...,my).

Proposition 5 P (N>r) isa Schur convex function of (my,...,my,).

Proof: Let N(my,...,m,) be the number of balls removed to obtain at least one of each type. It
suffices to show, for my > my, that

P(N(m,m,,m,,...m)>r)>P(N(m -1m,+1m,...m)>r)

Let 1(my,...,m,) be the indicator variable of the event that the set of the first balls removed contains
at least one of each of the types 3,...,n; and let R(my,...,m,) denote the total number of balls of
types 3,...,n, that are among thefirst r balls removed. Then

PIN(M,m) > 1) = 3 D PIN(M, e m) > 11 (M) =1, ROM, ) = )
xP(I(m,....m)=i,R(m,...m)=j)
Because (I1,R)=(1(my, My, M,..., My),R(My, My, ms,...., my)), and (12,Ro)=(1(My-1, mp+1, my,....,

my),R(me-1, mp+1, mg,..., my)) have the same joint distribution, it suffices to show that for
m>m, and k>0

P(N(m,...m)>r[l,=LR =r-k)>P(N(m -1 m,+1...,m)>r|l,=LR,=r—K)
which is equivalent to showing that

P(N(m,m,) > k) > P(N(m -1 m, +1) > k)

LM OO
R

or, equivalently, that

or, equivalently, that
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or, equivalently, that

(m-=1)!
(k—=D!(m-k)!

which isimmediate. [ |

The following proposition gives bounds for P(N >r), as well as a closed form expression when
m=m, i=1,...,n.

Proposition 6

i
o

]:11+Zk¢j

[M—lmJ
n (N r
PIN>1)=> ()" |~——vt
(N>1)=3(-1 [Ij v
r
Proof: Let A, denote the event that there are no type i balls among the first r selected. Then
PIN>r)=P(AUAU...UA)

The right hand inequality follows from Boole's inequality, and the left hand one from the
conditional expectation inequality (Ross, 2002). The result when all m =m, follows from the

inclusion-exclusion identity. =
Remarks:

(a) The conditional expectation inequality, stronger than the second moment inequality, states that

n n P(A)
PULAZ 25— oam)

(b) Although we could also use the inclusion-exclusion identity to derive an expression for P(N >r)
n
in the genera case, it would require summing over 2 terms.
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(c) When alm =m,, we can also efficiently compute P(N >r) by a recursion. For,m < j , let
A(i,J) denote a generic random variable having the distribution of the number of additional balls one
must remove to have complete set if j balls remain in the urn and there are till i types that have yet
to be collected. Then, with

R(i, ) =P(A(li, j) <k)

we have the recursion

Fi(i,j):mTi (-1i-0+2M R G, j-1,i>0

with the boundary condition

R.(0,j)=1k>0
Numerical computation yields the result P(N>r)=1-P,(n,nm).
3. THE DUAL PROBLEM

The dual problem to the one so far considered is interested in the number of balls that have been
removed at the first moment that all the balls of any of the n types have been removed.

Now, imagining that we continue removing balls until they are all taken from the urn, the outcome
of the experiment for both the original and dual problem is a vector (i, ...,i,, ), where i is the type

h . .
of thejt ball removed. Now, as a function of the outcome, let Nk (i, ...,i,,) be the number of type k
balls that have been removed, and let L (iy,...,i,,) bethe last type to have been removed, at the first
moment when at least one ball of each type has been removed. Similarly, let N, (iy,...,i,,) be the

number of type k balls that have been removed, and let L (iy,...,i,, ) be the last type to have been

removed, at the first moment that all the balls of any of the n types have been removed. It is easy to
see that

N;(il,...,iM)z{ler‘_Nk(iM’_""il)’ ?f L(?l,...,?M)zk R
M, — N, (i seeiy), if L(iy,..iy ) =K
L (iyyeeriyg ) = Liyy yeensiy) (2

Let NE and L be the numbers of type k balls removed and the last type removed, respectively, in

the dual problem, and let N and L be the corresponding quantities for the original problem. Because
al outcomes are equally likely, it follows from (1) and (2) that

P(N, =r,L' =)=

P(N, =1 -r,L=j), if j=k
fros-demerien o

P(N,=m —r,L=]), if j=k
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In addition, it follows from (1) that

D N gy ) =14 M =Y N iy 1eensiy)
k=1 k=1

implying, because al outcomes are equally likely, that

P(N"=j)=P(N=M +1-j) (4

where N and N" are the numbers of balls removed in the original problem and in the dual problem,
respectively.

Remarks

(@) The dua problem was previously considered by El-Neweihi et a.(1978), where their main
concern was determining the probability mass function of the type of the last ball removed. In
addition, they conjectured that N° was an increasing failure rate random variable. This conjecture
was then proven by Ross et al. (1980).

(b) The duality result given by Equation (4) was previously given in Ross et al. (1980).
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