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ABSTRACT

In this paper, a fuzzy random minimum cost flow problem is presented. In this problem, cost
parameters and decision variables are fuzzy random variables and fuzzy numbers respectively.
The object of the problem is to find optimal flows of a capacitated network. Then, two
algorithms are developed to solve the problem based on Er-expected value of fuzzy random
variables and chance-constrained programming. Furthermore, the results of two algorithms will
be compared. An illustrative example is also provided to clarify the concept.

Keywords: network flow programming, fuzzy random variable, Er-expected value, chance-
constrained programming.

1. INTRODUCTION

Network flow programming problems have many applications in the real world such as
transportation problems, traffic problems in road systems, currents in an electrical circuit, fluids in
pipes, or something travels through a network of nodes (Ahuja et a/, 1993). The Minimum Cost
network Flow (MCF) problem is one of the most important network flow problems. Indeed, it is a
general form of network flow problems and has an important role in studying of network flow
problems. Therefore, we can apply the results obtained by studying the MCF problem to other
network flow problems such as transportation, maximum flow, assignment and shortest path
problems (Shih and Stanley, 1999). This results can be included the solution approaches, imprecise
extensions, etc.

There are two types of common uncertainties in the real-life world: randomness and fuzziness. We
apply the fuzzy stochastic framework (Katagiri and Ishii, 2000; Puri and Ralescu, 1986) to handle
uncertain and flexible temporal information contains both possibility and probability aspects. Fuzzy
Random Variable (FRV) initiated by Kwakernaak (1978) is one of the appropriate ways to describe
this type of uncertainty. Indeed, fuzzy stochastic theory (Wang and Zang, 1992; Wang and Zhong,
1993; Wang, 1999) can provide a useful framework for managing this uncertain and flexible
temporal information.
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In real situation, parameters of network flow problems have imprecise properties (Shih and Stanley,
1999; Okada and Soper, 2000; Lin and Wen, 2004; Eshghi and Nematian, 2008). This vagueness
can be possibilistic imprecision, probability uncertainty or both of them. Fuzzy, random, and fuzzy
random variables can be applied for it respectively.

In this paper, the minimum cost flow problem whose cost parameters are FRVs and the other
parameters and decision variables are fuzzy variables is considered. Then, two approaches are
designed to solve the Fuzzy Random Minimum Cost Flow (FRMCF) problem and experimental
results on both of them are compared. One of the solution approaches is based on Er-expected value
of FRVs and the other one is designed by using Chance-Constrained Programming (CCP) method
(Charnes and Cooper, 1959). Furthermore, fuzzy optimization method is used in both of the
solution approaches.

This paper is organized as follows: Section 2 presents some preliminaries on fuzzy stochastic
theory. Then, the FRMCF problem is introduced in section 3. The mathematical programming
models and two algorithms to solve the FRMCF problem are presented in sections 4 and 5. The
concluding remarks and suggestions for further research are discussed in the last section.

2. PRELIMINARIES

This section reviews some technical terms presented by Puri and Ralescu (1986). In the following
definitions, we assume that (Q2,J,P)is a probability space and (€, P(6),Pos)is a possibility space
where ¢is universe, P(0) is the power set of ¢ and Pos is a possibility measure defined on fuzzy
sets.

A fuzzy set on R is called a fuzzy number if it is normal, convex and upper semi-continuous and
its support set is compact. LR fuzzy number (Dubois and Prade, 1979, 1988)is a special fuzzy
number used frequently. We use standard fuzzy arithmetic, from the extension principle, to perform
sums, products, etc. of fuzzy numbers (Dubois and Prade, 1980; Zadeh, 1973).

Definition 1. Let 4= (ao,a_,a+)and B= (bo,b_,b+)be two fuzzy numbers then /1;1, AeR, A®B,

and 4 ® B are also fuzzy numbers as follows:

1 :{(lao,/la,/lf) if >0

(Aa’,~Aa*,—~da”) if A <0 (1)
A®B =@’ +b°,a +b ,a* +b") (2)
A®B =@%’,a’% +b°a ,a’b" +b’a") 3)

where ” denotes the center (or mode) and a~ ,a* represent the left and right spread respectively.

Definition 2 (Hukuhara, 1967; Diamond and Korner, 1997).Let A= (@,a,a"),, and
B=(0"b",b"),, be two LR fuzzy numbers, if the Hukuhara’s difference A -H B exists it is given

by
A—, B=(a",a",a"),,—, (b°.b7,b"),, =(a’ =b",a” —b ,a" —b"),, 4)
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A fuzzy random variable (FRV) is a random variable and a Borel measurable function whose actual
value is a fuzzy number (Puri and Ralescu, 1986). It is frequently used in uncertain systems.

Lemma 1 (Wang and Zang, 1992). If X is a fuzzy random variable, then an a-cut X ,(w) =
{t eR|uy,, t)=a | =[X ,(®),X ;(@)] is a random interval for every a € (0,1].

Expected value is a fundamental concept for FRV. In order to define the expected value of an FRV,
several operators were introduced in literature [Liu and Liu, 2003; Wang and Zhong, 1993]. The
expectation of a FRV is a fuzzy number (Wang 1992, 1993).

Definition 3 (Eshghi and Nematian, 2008). Let X be a FRV then we can define the scalar expected
value of X , denoted by Er(X) and called it Er-expected value of X , as follows:

Er(X):%j‘{Er(X;)ﬁ—Er(X;)}da )

where Er(X ) and Er(X ) are expected values of X, and X respectively.
Corollary 1. Let X andY be FRV and 1e®R then

) EQ)=A;1) EX +Y )=EX)+AEQY ); ) Er(X +Y A)=Er(X )+ AEr(Y ).

Definition 4 (Buckley and Feuring, 2000).Let Z =(z°,z ",z*)be a triangular fuzzy number

variable. The problem of minimization Z is equivalent to a multi-objective optimization problem as
follows : [inf z°;infz *;supz ] .

Definition 5(Buckley and Feuring, 2000). LetX =(x’,x ,x")andY =(y°,y ,y*) be two
fuzzynumbers. Then we have:

X<V ox®<y’&x’—x <p’—y & x’+x <y’+y’ (6)

Now we discuss a method to evaluate the fuzzy random inequality X <Y or X =Y where X and
Y are fuzzy random variables. It is obvious that £(X) and E(Y) in this case are fuzzy numbers

and can be compared based on definition 5.

Definition 6. Let X and Y be fuzzy random variables. Then the relations "< " and ">" are
defined respectively as follows:

X <Y Iff E(X)<EQY);ii)X 2Y If E(X)>E(®Y).

3. PROBLEM FORMULATION

A minimum cost flow problem is to find optimal flows of edges with the least cost in a capacitated
network according to a number of resources of nodes and a capacity of edges. Let G(N, A)be a

directed network where N and A are sets of nodes and edges respectively. This network has a cost
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c; and a capacity b; for every edge (i, )€ 4 and a number of resources b, for every nodeie N,
which distinguish the type of node i . It is clear that node i is a transit node if », =0 and it is a
supplier (demander) if b, >0 (b, <0). We suppose that z;bi =0 and the MCF problem has
feasible solution (Shih and Stanley, 1999). The MCF problem is formulated as follows:

MCF:
Min C(x,c)= Z CiX (7)
(i.j)ed
S.t.
Z Xy — Z Xy =b;, ,VieN (8)
Jii,j)ed ki(k ,i)ed
O0<x; <b,, V(,j)ed 9)

where x;is the amount of flow on edge (i, /), (i,/) € 4. In our model, we assume that the costs ¢;
are fuzzy random variables. Therefore, the cost function C(x,c) becomes a fuzzy random variable

too. Furthermore, we suppose that the decision variables x;,

are fuzzy number variables. In the following model, called Fuzzy Random Minimum Cost Flow and
denoted by FRMCF, we consider each cost term of FRMCF as a fuzzy random variable:

the capacities b; and the resources b,

Problem 1:
Min C(#.6)= Y &%, (10)
(i,j)ed
S.t.
Y Fyou Y ¥y =bVieN (11)
Jii,j)ed k(k ,i)ed
0<X <b , Y(i,j)ed (12)

. . = = = — .
where —; is the Hukuhara difference operator, ¢, =(c; ,c; ,¢;; ) represents fuzzy random variables

involved in the objective function. Furthermore, ¥, =(x,,x;,x;), bNU =(b;.b;,b;) and

bNI. =(b,,b; ,b;") are fuzzy variables and represent the amount of flow on edge (i, ), the capacities
of edge (i,j) and the resource of node i respectively. In next section, we explain our solution

approaches and compare the results of them. In addition, we will be able to obtain a measure to
evaluate the risk of dis-optimality of a decision vector probabilistically.

4. SOLUTION APPROACHES OF FRMCF PROBLEMS

In this section, two solution approaches of FRMCF problem are proposed. Then their results are
compared and a criterion is presented to measure the risk of non-optimality in decision variables.
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4.1. Er-expected Value Programming Approach

First, we use the concept of Er-expected value of fuzzy random variables to convert fuzzy random
version of problem to a fuzzy linear programming problem (Eshghi and Nematian, 2008). Then the
minimization of fuzzy variables (Buckley and Feuring, 2000) and the concept of fuzzy variables are
used to convert fuzzy linear programming problem to a multi-objective optimization problem.
Furthermore, we solve the multi-objective optimization problem by using Zimmermann fuzzy
approach (Zimmermann, 1978). In this approach, Bellman and Zadeh’s max-min operator (Bellman
and Zadeh, 1970) has been used.

By using the concept of Er-expected value of fuzzy random variables and corollary (1), Problem (1)
can be converted to the following fuzzy linear programming problem:

Problem 2:
Min Er(C;(f,c:)): S B@)E, (13)
(i,j)ed
S.t.
> X,y D, ¥y =b, VieN (14)
Jii.j)ed k(k i )ed
0<x <b, Y(i,j)ed (15)

i b

By considering the concept of fuzzy numbers, Problem (2) can be written as follows:

Problem 3:
Min C (% ,¢)= z cy (%5 ,x ;) (16)
(i,j)ed
S.t
Y gy D xex i) =(b,.b;.b), Vi eN (17)
Ji(ij)eA k(k,i) €4
0 <(x;,x;,x;)<(b;.b;,b;) V(ij) €A (18)

where Er(c%ij)zcij ,(i,j)eAd.

The following problem is generated if we apply the “Minimizing Fuzzy Number Variable Method”
and fuzzy inequality approach to the Problem (3):

Problem 4:

(19)

. - +
Min Z CyiXiy >~ Z CiXij > Z CiiX

(i.j)e4 (i.j)ed (i.))ed

S.t.
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> 5 X wche X e X e @

Jiij)ed k(k i)ed Jij)ed k(k i )ed
> xj- D xf=bVieN
Jii.j)ed ki(k ,i)ed

0<x, <b,;,0<x; —x; <b, —b; ,0<x, +x;<b,+b; , V(i,j)eA 21)

ij ij ? ij o

y

0 ©) B - .
Let z%7, Yand z®be lower bounds ofz " X 5 Z(i’j)eA ¢;x; and Z(i,f)eActJ’x”

respectively and p®, p® and p® be their initial tolerance values. By considering the membership

function of fuzzy objective function and using Bellman and Zadeh’s max-min operator, Problem (4)
can be converted to the following problem:

Problem 5:
Max A (22)
S.t.

Y oex, <z 1pV1-2),- Y cpx, <z @4 pP-2), (23)
(i,j)ed ) (i.))ed

> cyx; <2+ pP-2)

(i.j)ed
Doxy— > x=h, D xp- > xy =b/, (24)
Jii.j)ed k(k ,i)ed jii,j)ed ki(k.i)ed

Z x;_ Z xl:ri =b,-+,VieN

Jii,j)ed ki(k ,i)ed

- + . . 2

0<x, <b,,0<x, —x, <b, —b;,0<x, +x, <b, +b}, V(i,j)eA (25)

The above problem is a linear programming problem and can be easily solved by one of the LP
solver. If we suppose that x,] , xl;* and x;* are the optimal solution of Problem (5) then an Er-

%

optimal solution of the original FRMCF problem can be obtained by ()?ij)*Er :(x;.,xij ,x;.*),

(i,j)e A which are fuzzy numbers. Furthermore,( B (é(i,é))) e (Z
%k +*
z(i"/)EAcyx”' ’Z(i,j)eAcisz/ ).

This approach is able to calculate the Er-optimal solution of the FRMCF problem. Now, we apply
another approach contains other probabilistic information of FRV. In this approach, a chance-
constrained programming is used.

(i,j)eA € i

4.2. Chance-Constrained Programming Approach

First, the concepts of fuzzy random variables, fuzzy variables and extended binary operation such as
@,-yand ® are used to convert the original problem to a multi-objective stochastic

programming. Then, we use chance-constrained programming approach to solve it. Furthermore,
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Zimmermann fuzzy approach is used to solve the multi-objective programming problem. Consider
the following FRMCEF problem:

Problem 6:
Min C(%,6)= 3Gyl ) ® (XX (26)
(W)=
S.t.
> XX )y 2 (XX i) =(b,, b b)) Vi €N @7)
Jij)ed ’ ket ed
0<(xy,x,x) < (by.by.by) V(i j)ed (28)

By using the concept of extended binary operation ® and —; and fuzzy inequality approach,
Problem (6) can be converted to the following problem:

Problem 7:
. F .= _ . . 29
Min C(£,6)= D, (653,53 .05 %% ¢/ % (29)
(i,j)ed
S.t.
R L S o0
JAi)ed kik.i)ed Jiij)ed ki i)ed
z x;_ Z )C;[ =b,-+,Vi€N
Jii.j)ed ki(k i)ed
N N + + -
Osxy <by,0sxy —x; Sby—by,0x, +x; <b;+b; , V(i,j)ed (1)

The following problem is generated if we apply the “Minimizing Fuzzy Number Variable Method”
to the Problem (7):

Problem 8:
(32)
—= + +
Min CipXio~ z CjXy TCy%Xyo Z CjXy TCy %y
(i,j)ed (i,j)ed (i,j)ed
S.t.
_ - - _p- 33
IRTED RN ETRED IR ey
Jui,j)ed k(k,i)ed Jui,j)ed k(k,i)ed
> oxp- D xj=biVieN
Jui,j)ed ki(k,i)ed
- — + + . .
0<x, <b,;,0<x; —x; <b,—b; ,0<x, +x; <b,+b; , V(i,j)eA (34)

By using the chance-constrained multi-objective programming which is provided by Charnes and
Cooper (1959), Problem (8) can be changed as follows:
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Problem 9:
Min[Z,Z~,Z 1] (35)

S.t.

(36)

Pr{ Z c_l.jxl.j SZ}Za,Pr{— Z El.jxl; +El.j_xl.j SZ‘}Za,

(i,))ed (i.))ed

— o+ =+ +
Pr<— z CyX i +CiXy <Z rz2a
(i,j)ed

RTINS TR YT @

Jii.j)ed k(k,i)ed Jii,j)ed k(i )ed
> xj- > X =b,VieN
Jui,j)ed . k(k ,i)ed
- - + + ..
0<x, Sbij ,0<x,; —x Sbij —bij ,0<x, +x; <b, +bij , V(i,j)ed (38)

Let z®, z@and z® be lower bounds of Z,—Z and Z'respectively and p™, p®and p®® be
their initial tolerance values. We use the membership function of fuzzy objective function and
Bellman and Zadeh’s max-min operator to convert Problem (9) to the following problem:

Problem 10:
Max A (39)
S.t.
Z<ZW+pWa-2), 27 <ZP+pP1-2), 2729+ pP1-2) (40)
(41)
Pr Z c_,.jxijSZ >a,Pri— Z Ei/'xi;’LEi;xi/ <Z (z2a,
(i,j)ed (i,j)ed
Pr{— Z CyXj +Cix, £Z+}2a
(i,j)ed
DNETEID MR SR TED R “2)
Ji,j)ed k(k,i)ed Jii,j)ed k(k ,i)ed
z X = z x;; =b’,VieN
Jui,j)ed k:(k,i)ed
0<x, <b,;,0<x; —x; <b,—b;,0<x, +x;<b,+b; , V(i,j)eA (43)

where « is the predetermined confidence level by a decision maker. In this problem, the random
variables can have different probability distributions. Therefore, several models will be found from
Problem (10). Based on probability properties and expert opinions, a proper model will be selected
and solved. Now we suppose that these random variables have normal distribution with a definite
expectation and an exact variance. Therefore, we have the following mathematical programming;:
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Problem 11:
Max A (44)
S.t.
Z<ZW1pWa-2), 27 <Z2P+pP1-21), 2*<z2¥+pP1-2) (45)
Zt Z Er(cy)x; <k, Z oy (46)
(i,))ed (i,j)ed
-Z - Z (Er(Eij)xl; +Er(5i;)xi/) < ka\/ O—;xijiz +a§x§ 47)
(i,))ed (i,/)ed
2+ Y (Er@)x; + Er@) v, ) <k, \/ > ol ol (48)
(i,7)e4 (i,/)e4
IR IR JETRED S )
Ji.j)ed k:(k i )ed Jii,j)ed k(k i )ed
D x;— Y xi=b'.VieN
Ji,j)ed k(k ,i)ed
0<x, <b,,0<x; —x; <b,—b;,0<x, +x; <b;+b; , V(i,j)ed (50)

We can obtain a local optimal solution of the above nonlinear programming problem (NLP) by
LINGO 8.0 or obtain its global optimal solution by Global solver of LINGO 8.0. If we suppose that

X x;* and x;* are the optimal solution of Problem (11), then a CCP -optimal solution of the

i

original FRMCF problem can be obtained by (xij)*CCP =(x;,x** x;*), (i,j)e A which are fuzzy

[/

numbers.

We can also calculate the risk of non-optimality of a decision vector with probability aspect by
selecting a proper confidence level in CCP approach. The FRMCF problem was solved by the
chance-constrained multi-objective programming with the predetermined confidence level.
Therefore, the solution is related to a confidence level « in the chance-constrained programming

approach. However, we have a pure solution by the Er-expected value programming approach. If
these two solutions are compared to each other, a confidence level will be obtained which is useful
to evaluate probabilistically the optimality of a decision vector.

5. ALGORITHMS FOR SOLVING FRMCF PROBLEM

In the following steps, we describe the general steps of two algorithms for solving FRMCF problem
with Er-expected and CCP approach:

5.1. Algorithm 1 ( Er-expected approach)

Step 0. Define a membership function for each fuzzy and fuzzy random variable in Problem (1)
and determine the Er-expected value of the fuzzy random variables.

Stepl. Convert Problem (1) to Problem (2) by using the concept ofEr-expected value of fuzzy
random variables.

Step2. Convert Problem (2) to Problem (3) by using the concepts of fuzzy numbers.
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Step3. Convert Problem (3) to Problem (4) by minimization of fuzzy variables and fuzzy
inequality approaches.

Step4. Convert Problem (4) to Problem (5) by Bellman and Zadeh’s max-min operator. Problem
(5) is a linear programming model.

Step5. Solve Problem (5) as a Linear Programming model by one of the LP solvers. Let x; , x;* ,

x;.* be Er-expected solutions. Then the Er-optimal solution of the original problem is

obtained by (¥;)y, = (x;,%; »X; ).

5.2. Algorithm 2 (CCP approach)

Step 0. Define a membership function for each fuzzy and fuzzy random variable in Problem (1).

Stepl. Convert Problem (1) to Problem (6) by using the concept offuzzy numbers.

Step2. Convert Problem (6) to Problem (7) by using the concept of extended binary operations
and fuzzy inequality approach.

Step3. Convert Problem (7) to Problem (8) by minimization of fuzzy variables.

Step4. Convert Problem (8) to Problem (9) by using the chance-constrained multi-objective
programming method.

Step5. Convert Problem (9) to Problem (11) by Bellman and Zadeh’s max-min operator.
Problem (11) is a nonlinear programming model.

Step6. Solve Problem (11) as a Nonlinear Programming model by LINGO 8.0 or Global solver

of LINGO 8.0 . Letx,,x.

[/t

x;* be CCP -approach solutions. Then the CCP -optimal

solution of the original problem is obtained by (¥;)ccp = (x;,X; »x; )-

Now, a numerical example of a fuzzy random MCF problem is given to clarify the model discussed
in this paper.

Example (Shih and Stanley, 1999).Assume that a network consists of 9 nodes and 13 edges as it is
represented by the directed network shown in Fig.1. The resource of nodes, the capacity of edges,
and the amount of flow on edges are triangular fuzzy number variables. Suppose that

bNI. =(b,,b;,b;") is the fuzzy resource for the node i e N , b;. =(b,,b;.b;) is fuzzy capacity of

ij

edge (i,j)ed, and X, =(x;,x;

U.,x;.) represents the amount of flow on edge (i,j)e4d .

Furthermore, the costs of edges are fuzzy random variables. Suppose that ?l-j =(Cy,65 ¢

2G5, Cp ) s the

fuzzy random cost for the edge (i,j)e A where ¢;,c; and E,/* are normal random variables.
Furthermore, suppose that X,X and X" are random variables with exact expectation on Q and

X-= (X, X ,X").Now we have the following relations:

E(X)=(ECXO,EQX),E(X)). X, =[X +(@-DX ", X +(1-a)X'], (51)
E(X,)=[EX)+(a-DEX ).EWX)+(1-a)EX ") (52)
=[pu+(@-Du ,u+(-a)u’],

= 1. . . | AP (53)
Er(X) =2 [ 2u+atu —u)=(u —uda=p=2(u =)



44 Nematian and Eshghi

()

e H—

Figurel A network with 9 nodes and 13 edges.

In this example, we assume that fuzzy random costs are given in Table 1 and fuzzy number
capacities of edges and fuzzy number resources of nodes are given in Table 2 and Table 4:

Table 1 Fuzzy random costs of edges

€1 Cl4 €3 €34 Cp¢ €35 C48  Ces  C57  Csg  Cg7 €9 Cgo

H 2 2.5 1 2 7 5.5 6.5 3 4 8 5 9 10
" 0.5 0.5 0 0.5 1 1 0.75 0.5 1 1 1.5 1 1
ut 0.5 0 0.5 0.5 0.5 0.75 1 0.5 1.5 1 1 1 1.5

o2 1 1 1 1 1 1 1 1 1 1 1 1 1

Table 2 Fuzzy number capacities of edges

byy by bz b3y bys  bys  bgg  bgs  bsy  bsg  bgy by bgg

b 14 17 13 10 14 15 15 24 20 19 13 15 20
b~ 12 15 12 8 13 13 12.5 20 16 18 12 13 19
b+ 13 16 13 9 12 12 13.5 21 18 19 125 14 18

Therefore, the values of Er(ci, )=c, are calculated as follows:

Table 3 The values of c;

€21 ‘14 €23 €34 €26 €35 €48 €65 €57 €58 €67 €719 €89

Er(c,) 2 2375 1125 2 6875 54375 65625 3 4125 8 4875 9 10125

Table 4 Fuzzy number resource of nodes

Supplier nodes Demander nodes Transit nodes
by (15,13,17) by (10,8,12) 153 (0,0,0)
by (25,24,23) bg (20,19,18) bs (0,0,0)
b (5.4,6) by (15,14,16) by (0,0,0)

Apply the first proposed algorithm to the above fuzzy random minimum cost flow problem and
solve the obtained LP problem by the one of the LP solver. The obtained model can be easily solved
by LINGO 8.0, which is one of the commercial ILP solvers, and the optimal solution of the model
is summarized in the fourth column of Table 7.
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Now apply the second proposed algorithm to the above fuzzy random minimum cost flow problem
and solve the obtained nonlinear programming problem. The abtained model can be solved by
LINGO 8.0 or Global solver of LINGO 8.0 and the local optimal solution of the model could be
summarized in the fifth column of Table 7.

In order to compare the result of our model with the original MCF problem in which the resource of
nodes, the amount of flow on edges and the cost and the capacity of edges are assumed to be
deterministic, this example was also solved by considering the following data which is given in
Table 5 and 6. The optimal solution in this case when only the real value of the parameters is
important is also shown in the second column of Table 7.

Table 5 Real costs and capacities of edges

CZ 1 CI 4 C23 C34 C26 C35 C48 C65 C57 CSX C67 C79 CX‘)
2 2.5 1 2 7 5.5 6.5 3 4 8 5 9 10
b21 bl4 b23 b21 b26 b35 b48 b65 b57 bSX b67 b79 b89
14 17 13 10 14 15 15 24 20 19 13 15 20
Table 6 Real resources of nodes
Supplier nodes Demander nodes Transit nodes
by 15 b, 10 by 0
b, 25 by 20 bs 0
bs 5 by 15 by 0
Table 7 Numerical results of our example
Fuzzy random MCF
CCP h
MCF Er-expected approach Approac
a=0.9 a=0.8 a=0.7
x21 2 X1 (0,0, 1) (1,1,0) (1,1,0) (1,1,0)
x14 17 X14 (15,13, 18) (16, 14, 17) (16, 14, 17) (16,14,17)
X923 13 f23 (11, 10, 10) (11.51,10.51, 14.49) (11.13,10.13, 14.87) (10.6, 9.6, 15.4)
X34 8 X34 (7.5, 6.5, 10) (7.62, 6.62, 9.88) (7.85, 6.85,9.65) (8.43,7.43,9.07)
X6 10 X26 (14, 14, 12) (12.49, 12.49, 8.51) (12.87, 12.87, 8.13) (13.4,13.4,7.6)
X35 5 X35 (3.5,3.5,0) (3.89,3.89,4.61) (3.28,3.28,5.22) (2.17,2.17,6.33)
x48 15 X8 (12.5,11.5, 16) (13.62, 12.62, 14.88) (13.85, 12.85, 14.65) (14.43,14.43, 14.07)
x65 2 X65 (18, 18, 18) (4.49,3.97,2.01) (4.87,4.32,1.63) (5.40,4.83, 1.1)
X357 2 X57 (13.3,13.3, 14.7) (0.47,0.12, 3.03) (0.33,0,3.17) (0.18,0,3.32)
xs8 5 Xsg (8.2,8.2,3.3) (7.92,7.74, 3.58) (7.82,7.6, 3.68) (7.39,7.01,4.11)
X7 13 X¢7 (1,0,0) (13, 12.52, 12.5) (13, 12.55, 12.5) (13,12.56, 12.5)
x79 15 %79 (14.3,13.3,14.7) (13.47,12.65, 15.53) (13.33,12.55, 15.67) (13.18, 12.56, 15.82)
xg9 0 Xg9 (0.7,0.7,1.3) (1.53,1.35,0.47) (1.67, 1.45,0.33) (1.82,1.44,0.18)

(C (x ,c))

524.5

*

(5 (5(5,5))]’

(575.6, 547.3, 549.8)

E@)s =é5"
(546.3, 599.9, 584.7)

E@)%" =éx"
(547.1, 600.5, 583.7)

E@)x" =é"
(546.9, 599.2, 583.69)

(E(e8))

ccp

(591.6, 0.0, 649.7)

(5 (xE))

ccp

(576.9, 0.0, 626.5)

(C:(f,?));

(565.51,0.0,610.41)
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We could obtain the /ocal optimal solution of the nonlinear programming model of CCP approach.
We can use piecewise linear approximation approach (Williams, 1999) to obtain an approximated
global optimal solution as a suggestion for future research.

As this result shows, the total flow cost has been increased but the amount of flow on edges of our
model is more confident. In the fuzzy random model, the amount of flow on edges and the total
flow cost are triangular fuzzy variables which is vital for a top decision maker of real network
problems and he/she can apply them in order to decide more confidently in compare with the real
model which has real variables and has more risk for the decision maker.

6. CONCLUDING REMARKS

In this paper, we introduced the FRMCF problem. Then, we proposed methods to solve it. These
methods are respectively based on Er-expected value of fuzzy random variables and chance-
constrained programming. We applied them to the problem in order to handle the uncertainty of
FRMCFP. Furthermore, we used the optimization method of fuzzy number variables, fuzzy
inequality approaches, and Bellman-Zadeh’s max-min operator for multi-objective programming. In
the fuzzy random model the amount of flow on edges and total flow cost are both fuzzy variables
that are more flexible for a decision maker.

As suggestions for future research, we can use meta- heuristic methods to deal with the uncertainty
of FRMCF problem. Furthermore, piecewise linear approximation approach can be used to obtain
an approximated global optimal solution of obtained NLP problem.
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